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Student name / number  ...oivi e,

Marks
‘Question 1 Begin a new booklet
. 241
(2)  Find J k. 2
Jx
3
) 0s . o .
(b)  Find JC. 2x dx using the substitution u=sinx. 3
sin” x
Llog 3
(c)  Evaluate J —— dx using the substitution u=¢". 3
0 e +e
(d  Evaluate in simplest exact form j b log, x dx. 3
1
(e)(i) Using the substitution ¢=tan%, show that 2
J’ 1 o= J Ly
o 5+5sinx—3cosx o 4 +5t+1
(i) HehCe evaluate in simplest exact form Jz - 1 dx . 2
o S+5sinx-3cosx
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Student name /number ...

Marks
Question 2 Begin a new booklet
(a) If z=2i and z, =143, expressin the form a+ ib (where g and b are real)
() z+7z, . 1
(i) z z, . - 1
1
(i) — . 1
. z,
(b)(i) Express z=1+ i\/?: in modulus/argument form. , 2
(11) Hence show that z'°+ 512z=0 . 2
(c)(i) On an Argand diagram sketch the locus of the point P representing z such that 2
,z—(\/§+z’) ’=1.
(i1) Find the set of possible values of lz] and the set of possible principal values of argz . 2
@
y 4
C
B
/ A
o - x
- - -
In the Argand diagram above, vectors 04 . OB and OC represent the complex
numbers z, z, and z +z, respectively, where z, =cosf+isinf and
z+z,=(1+i)z.
(i) Express z, interms of z, and show that OACB is a square. 2
(i) Show that (z,+z,)(z,~z,)=2i. 2
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Student name / AUMDBET  «..vvivninieen e

Marks
Question 3 Begin a new booklet
(a)  The diagram shows the graph of the curve y = f(x). On separate diagrams,
sketch the graphs of the curves listed below, showing clearly intercepts on the
coordinate axes and the equations of any asymptotes:
o T | @) y=| 7. !
y=Jjx !
T l .
2 | () y= () . !
: >
0 3\/& X (i) y=£(x*) . 2
i
I 1
= iv) y=——. 2
; x=4 (iv) y I

()  P(x) isan even polynomial. Show that when P(x) is divided by (x2 - a2) , where 3

a#0, the remainder is independent of x.

(¢)  Thezeroesofx® + px* + gx +r area,f andy
(where p, q and r are real numbers).

(1) Find aff + ay + By. 1
(i)  Find a® + B2 + y2. 1
(ii1)  Find a cubic polynomial with integer coefficients whose zeroes
are 2a, 2 and 2y. 2
£ AN T . N PO I N 4 TP B U | Py PR A.1-_,..L_1_ 1 _}_ ~ A s ]
(aj IIp >4y, ana g > v,anap +q = 1, bllWLuLp"l"qﬁ‘l‘ Z
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Student name / number ...

Marks
Question 4 Begin a new booklet

(a)

‘ fr
e
i

0 1 x

and the x-axis between x =0 and x =1 is rotated

The region bounded by the curve y =

x*+1

through one complete revelution about the y-axis.

(i) Use the method of cylindrical shells to show that the volume ¥ of the solid 1
1 2
formed is given by V =27 J s dx
o X°+1
(i1) Hence find the value of V' in simplest exact form. 3
(&
y A
y=x
I P(xl ’ 'yl)
y= e /
< .
15 »
The line y =x is tangent to the curve y =¢™ (where k> 0) at the point 3

P(x1 , y]) on the curve. By considering the gradient of OP show that k= -é;,
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Question 4 continued

(c) The Hyperbola H has the equation % — 3;—2 =1.
(i) Find the eccentricity of H.
(i)  Find the co-ordinates of the foci of H.
(iii)  Draw a neat one third of a page sketch of H.
(iv)  Thelinex = 6 cuts H at A and B. Find the coordinates of A and B
if A is in the first quadrant.
(v)  Derive the equation of the tangent to H at A.

N
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Student name / DUMDBET  «o.vviiieriiviri e

Question 5 Begin a new booklet

(a) A lifebelt mould is made by rotating the circle x? + y? = 64
Through one complete revolution about the line x = 28, where
All the measurements are in centimetres.

(i) Use the method of slicing to show that the volume, V cm?

of'the lifebelt is given by

v =112n[°, /64— y2 dy.

(i) Find the exact volume of the lifebelt.

(b) (i) Show that the tangent to the ellipse ’1“—5 + % =1 atthe point

P(3,1) hasequation x-+y=4.
ii) Ifthis tangent cuts the directrix in the fourth quadrant at the point T,

and S isthe corresponding focus, show that SP and ST are perpendicular.

N
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Student name / DUMDET ..ottt e

Marks
Question 6 Begin a new booklet
(@) 1) Show that tan(A + F)=—cot A. 2
if) Use the method of Mathematical Induction, and the result in (i), to show that 4
tan{(2n +1) g—} = (-1)" for all integers n > 1.
(b) Given the equation y2 + Xy + XA =1
i) Make y the subject. 2
ii} Hence, or otherwise, find % 2
(c) Giventhat z=cosf + isinf and z'+z"=2cosnf, show that 4
cos’ 0 = %00346 + %00326 + %
(d) Show that cos(x +§) =—sinx. 1



2011 Extension 2 Trial

Student name / number

....................................

Marks
Question 7 Begin a new booklet

(a)(i) Show that J f(x) dx= j fla-x) dv .

2
o sin’ x
(i1) Hence evaluate J e 3
0 ,/H(x—f—)z
1
(by  Let lnzf (1-x")" dx, where r>0, for n=0,1,2,....
0
(i) Showthat [ =——1  for n=12,3,.. 3
nr+
! 3
(i) Hence evaluate J (1-x*) dx . 2
0

()
2

oY

N

C

B

ABCD is a quadrilateral in which Z4BC = £Z4DC =%, ZCAB=«a, £CAD=f
and AC=1.

(i) Show that ZBDC=¢. .
(ii) Hence show that BD =sin(a+ f3).

10



2011 Extension 2 Trial

Student name /number ... i

Marks
Question 8 Begin a new booklet
a) 1)  Write the general solution to tan46 =1 1
i1)  Use De Moivre’s Theorem and the binomial theorem to 3
3
show that tan46 = 4tan 92 dtan f
1-6tan” O+tan" 4
iii)  Hence find the roots of x* +4x” —6x> —4x+1=0in 3
the form x =tané .
iv) Hence prove that : 2
tan® %+ tan® >~ ~— +tan 5—+tan2 77 o3
16 16 16
(Hint: Let the roots be &, £,y and §).
(b) (1) Use a diagram to explain why 1
‘. .(.b . 2b .nb)b
jsmxdx = lim| sin —+sin — +...+sin — |- —
0 n—o n n n n
for b=".
2
(i)  Given that 2sin@sina = cos(d —a)— cos(6 +a), show that 2
b \ I 5
cos —cos| b+—
L (kb) 2n
3 sin[ 22| =
k=l " 2 sin( )
b
(1)  Hence show that jsin xdx =1—cosb. 3

0

END OF EXAM

11



2011 Extension 2 Trial

STANDARD INTEGRALS

Jx”dx =Lx”+l, n#z—=l, x#0,ifn<0
‘ n+l

i

-;.—dx :lnx, X>0

X

ax b oax
[e dax =—e*, az0
) a
f&:osaxafx =é—sinax, a#0
C i

sin ax dx =——cosax, a#0
Jseo ax dx =-&—tanax, az(

. 1
Jsecaxtanaxdx =-_secax, a0

1
fz 5 dx =—tan'=, a#0
a“ +x
1 _]X
dx =sin"" —, a>0, —a<x<a
&2 — 12 a

1 _ 2. 2
f—-——-mdx —ln(x+ x“+a )

NOTE : Inx=log,x, x>0

12
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c. Outcomes assessed : E3

Marking Guidelines
Criteria Marks
i e sketches a circle with correct centre 1
e sketches a circle with correct radius 1
i1 o states set of values for Izi 1
e states set of values for argz 1
Answer
. Ledon” ' = ol
i z—(\/§+i)l=1 o )Ry e=2
EEIURES /S
y4 N ii.0C=2 and a=% 6 3
21 ; 04 <|e|< 0B a1 <3
D .
K 0<Argz< ZEOD . 0<Argz<Z%
1+ 7
/!
f
/ @/ /A
L0 . >
0 B ¥
d. Outcomes assessed : E3
- Marking Guidelines
Criteria Marks
i ®expresses z, in terms of z, 1
¢ explains why OACB is a square 1
ii  uses properties of a square to deduce z, +z, = i(z, — z,) 1
« uses the side and diagonal lengths of the square to complete the proof 1

Answer

e

iz +z,= (A+i) z

!

..Zzzlz1

_ Y, - 2

— -

Hence OBis the rotéltion of OA anticlockwise by 90°.

Hence OACB is a parallelogram in which O4d=0OB and ZA0B=90°. .. OACB 1s a square.

ii. The diagonals of a square are equal and meet at right angles.

—_>

o OC is the anticlockwise rotation of B4 by 90°. Hence

But BA»=O04+0B* =1+1= 5~z

zl+z2 :’(21-22)

=2. (z +zz)(z -z

. 2
2)_ IIZI - Zzl




Question 3

a. Qutcomes assessed : E6

Marking Guidelines
Criteria Marks
i e copies curve for x <3 and reflects section of curve for x >3 in X-axis 1
ii » copies curve for x =0 and includes reflection of this section of curve in the y-axis 1
iii » sketches curve that is concave down, symmetric in the y-axis, with turning point (0,2) 1
e shows asymptotes and x-intercepts _ 1
iv e shows vertical asymptoté x = 3 and sketches left hand branch correctly 1
o sketches right hand branch correctly showing nature at x =4 1
Answer
i y=| /] iy =)
v1 { I v4 I
\I | 1
—_— I ( 1
o~/ N
o 3! : fz, 0 3\5‘"_;
i 1 i
X =4 : 1x=4
I x=-41
2 . 1
i, y=f (x ) iv. y )
RARE W,
b2l L /Ex =3
Wae) \ : N —1 >
FE o 3! f :
1 | 1
B i /) 1
=2 ! =2 |
b. Qutcomes assessed : E4
Marking Guidelines
Criteria : Marks
o states remainder on division by (x* - a®) is (cx +d) for some constants ¢ and d 1
I e, uses definition of an even function to deduce ca+d=-ca+d i

o completes proof by showing ¢ =0

Answer

P(x)=(x* —a*)Q(x)+cx+d for constants c,d where cx+d is the remainder on division by ¥ —a.

P(x) even = P(—a) = P(a) seatrd=—ca+d
2ca=0 But a#0 se=0.

Hence remainder is some constant d, which is independent of x.
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Answer
L - 6V =m(R* —r*)h
| =7r(R+r)(R—r)h

X

= (2x + 6x)(6x)

x+1
Ignoring terms in (6x)’,
2x*

x*+1

1 x2
=27rj > dx
o X°+1

V=limy £ 8x

6x—0

o sketches the ellipse inscribed in the quadrilateral giving the required detail.

T
SV ==l4-T
> (4-7)
b. Outcomes assessed : E6 :
Marking Guidelines
Criteria Marks
o differentiates to obtain gradient of tangent at P 1
o uses gradient of OP is 1 to deduce x, =y, =+ %
e substitutes in equation of curve to find k.
Answer
a
y=¢€" . ;ix)i =ke™ . Hence tangent at P has gradient ke™ = ky, , since y, = ™.
i . . : . 1
But gradient of OP is 1 (since Pliesonline y=x) .. hky =1 and hence x =y = e
. . kx 1 kL 1
Thensince Plieson y=¢“, —=e * .“k=—.
k e
Massessed : E3, E4
Marking Guidelines
L \ : - Criteria Marks
1 {* e uses O, P, O colligear to deduce result 1
ii e writes the coordinatés-ef two of the points 1
e writes the coordinates of thefwlg two points 1
iii ® deduces that XYUV is a rhombus : 1
» expresses the area of the thombus in te%eﬁts diagonal lengths to obtain the result 1
iv e compares the areas of the quadrilateral and ellips\eto educe that Isin 29' =1 1
o states the four values of 8 1
1

S
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Question 7

a. QOutcomes assessed : E8
Marking Guidelines

Criteria

i e makes the substitution u=a—x

« uses property that value of a definite integral does not depend on the variable of integration
ii ® uses the result from (i) to write the given definite integral with cos® x replacing sin” x

e uses the table of standard integrals to find the primitive of twice the given integral

e evaluates the given integral by substitution of the limits and rearranging

Answer
1. Let Uu=a-—x a ~0 _
Thén du=—dx Jf(x) de=1 fla—u).—du
and 0 Ja
x=0=Du=a | faew
x=a=u=0 Jo
=| fla—x) dx
J 0
in’® sin®* (£ —x 2
ii. Let a:-’;—, f(x)—_-_im_f.__;' Then f(_g___x): (2 ) : _ CcO8™ X .
oD Fe e

¥ sin® x : cos? x
Using (i), if 1=J X __ 4, then 1=J L S
0 \/1"'(3‘—%)2 0 \}1"‘(35—%)2
sin’ x cos’ x i _ {1;-“/16-;-7:2 }

£
("2

21

i}

s I=2In

_ +
) e -2y —m+\16+ 7
i ) 2
_ 1 e (7c+ 16+7z"‘)

[m{(x—§)+,/1+(x—-§)z}f

210 (16+7z2)—7r"

= 2

0 =-;—hl{—};(7t+ 16+n:2)}

4, /1 + (&)
= 4,; 4,: > -—-ln{;‘; 7c+\/16+n2)
- ~24 14D ,
b. Qutcomes assessed : E8
Marking Guidelines
Criteria

i e applies integration by parts
e evaluates the first part and rearranges the second integrand
o expresses the second integral in terms of 7, I, | then rearranges fo obtain result

ii » uses the recurrence formula to express I, in terms of [

e evaluates [ and hence evaluates I,

12



Answer

1
i. Inzj (1-x")" dx, n=0,1,2,... where r>0
0

Forn=12,3,..

I = [x(l —xY ]; - nJ]x. A—x)" (=) dx

S+ DI =nrl

L 1
_—,O-r:rj {(I—x’)—l}'(l—x’)"'1 dx ! .
0 =
n 1 n—1
=nr{-1+1 ]} e
Ix2 2x2 Ix2 9 3 3
ii. For r=2, I = ( 2) . ( 2) . ( 2) I ==.=.=1
(3x2+1) " (2x2+1) " (1x2+1) ° 11°4°S5
But ], :fl 1dx=1. Hence Isz—g-l-— :
0 220
c. Outcomes assessed : PE2, PE3 :
Marking Guidelines
Criteria Marks
i ® explains why ABCD is a cyclic quadrilateral ‘ 1
e uses ‘angles in the same segment’ to deduce result 1
ii ® explains why sin ZBCD = sin{a + ) | 1
e explains why BC =sing | 1
e uses the sine rule in ABCD to obtain required result 1
Answer
D
A
o
B C

i 4BCD is a cyclic quadrilateral (opposite angles ABC and ADC are supplementary)
~. ZBDC = LBAC = o (in circle ABCD, angles subtended at circumference by same arc BC are equal)

ii. ZBCD=m—(a+B) (opposite angles of a cyclic quadrilateral are supplementary)
<. sin £BCD = sin{m — (o + B)} = sin(a + B)
Also in AABC, BC=ACsma=sing (given AC=1)

BD BC BD  sina _

- =— = — =~ 1. ~ BD =sin(ac+ fB)
sin Z/BCD sinZBDC  sin{(a+ ) sina

Hence in ABCD,

13
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y=sinx

Z &30 (n—l)bﬂ
n n n

The diagram shows a series of upper rectangles each of width b and of height
n

. b 2 | 3 . nb . .
SI—, $10—, sin~—,...,8In — respectively as you move from left to right.
n n n n

The sum of the area of the rectangles is [sin b +sin 2 +...+sin _n_lz) L .

n n R n

The arca under the graph of y = sinx between x =0and x = b where b= —g—

. . . (. b, 2b . nbY b
is therefore given by lim| sin— +sin— + ...+ sin-= |. 2 .
o n n n) n

| 1 mark [ Explanation including diagram




Question 8 (cont'd)
(ii)  Now,

s 2o ) 2. )

= COS

+ COS

+ COS

b

+ OOS(— _

2n
b

2n
3b

2n J
5b

= COS§

+ COS§

-+ COS

b b
— e = COS) —+ —

n m R

2b b 2b
—_———— | —CO§] —+—

an ( b nb
— COS} o
n 2n n
)
2n
5h

)

J

-~ COS

— COS

2n

(b
+cosl ———

2n

(b
= CO8| —
2n

07 2sin sin
&>

So,

7b)
— |+
\ 2n

”bj [b nb
—cos| — +—
n 2n n

)
() eolze )

fefo-d

k=1

b )
2n
)
2n

b ol 35)- 4"
SC

as required

Z sin

k=

2 marks

correct expression

e . (kb b
Multiplying ' sin| — |b ZSin(—
povs Sy oo

R

) and obtaining

1 mark

First part only




Question 8 (cont'd)

(ili)  We must use what has already been found.

b
fsin xdx = lim(sin[é) + sin(z—bJ +...+ sin(fﬁ)] . 2
o o0 f n n n
( b b
cos| — {—cos| b+ —
. 2n 2n) b
- igg b T
25in(——] "
2n
= lim| cos i —| cosbcos mb— —sinbsin ﬂ x—b—x 1
n-r 2n 2n 2n 2n Sin( b ]

. b bY . (b)) . b 1
= lim| cos| — |~ cosbcos| — |+sinbsin| — | [xlim —x
n—se 2n 2n 2n nso 2p [ b ]
sin| —
2n

=(1-cosbh+0)x1 since lim-——=1,and Jim cos—2- =1 ,and
n->x gin & o 2n

lim sin—l—)— ={ sincelim i =0.

n—a n n—w £H

=1—cosb

as required.

3 marks Obtaining line marked (*)

AND taking each of the two limits correctly to obtain the
correct expression

2marks | Obtaining line marked (*)

AND taking one of the limits correctly

1 mark Obtaining line marked (*)




